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AN ALGORITHM FOR A MASSEY TRIPLE PRODUCT OF A SMOOTH
PROJECTIVE PLANE CURVE
YOUNGGI LEE, JEEHOON PARK, JUNYEONG PARK, AND JAEHYUN YIM
Abstract. We provide an explicit algorithm to compute a Massey triple product relative to a defining
system for a smooth projective plane curve X defined by a homogeneous polynomial G(x) over a field.
The main idea is to use the description (due to Carlson and Griffiths) of the cup product for H1(X,C) in
terms of the multiplications inside the Jacobian ring of G(x) and the Cech-deRham complex of X. Our
algorithm gives a criterion whether a Massey triple product vanishes or not in H2(X) under a particular
non-trivial defining system of the Massey triple product and thus can be viewed as a generalization of
the vanishing criterion of the cup product in H2(X) of Carlson and Griffiths. Based on our algorithm,
we provide explicit numerical examples by running the computer program.
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1. Introduction
The Massey product is an important invariant in topology and appears in several areas of mathematics
as a higher order structure which captures more refined informations than the usual cup product of the
cohomology.
LetM be a topological manifold. Assume that there are three classes xi ∈ H
mi(M,C), i = 0, 1, 2 such
that x0 ∪x1 = 0 = x1 ∪x2. Choose cochain representatives Xi for the xi. Since X0∪X1 is a coboundary,
choose X01 so that d(X01) = X0∪X1. Similarly choose X12 so that d(X12) = X1∪X2. Form the cochain
X01 ∪X2 − (−1)
m0X0 ∪X12
which becomes a cocycle. The choices of X01 and of X12 are not unique. Precisely either can be altered
by a cocycle. Define the ideal
J•x0,x2 = x0 ∪H
•−m0(M,C) +H•−m2(M,C) ∪ x2 ⊆ H
•(M,C)
The cocycle X01 ∪X2 − (−1)
m0X0 ∪X12 can be altered by (a cochain representative of) any element in
Jm0+m1+m2−1x0,x2 . For any x1 ∈ H
m2(M,C) such that x0 ∪ x1 = 0 = x1 ∪ x2, the Massey triple product
〈x0;x1;x2〉 ∈ H
m0+m1+m2−1(M,C)/Jm0+m1+m2−1x0,x2
is defined to be the class of X01 ∪X2 − (−1)
m0X0 ∪X12 in this quotient group.
2000 Mathematics Subject Classification. 18G55(primary), 14J70, 14D15, 13D10 (secondary).
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When M is a compact Riemann surface (the main object of interest in the current paper) and m0 =
m1 = m2 = 1, then H
2(M,C)/J2x0,x2 = 0 for nonzero x0, x2 ∈ H
1(M,C) by the non-degeneracy of the
cup product pairing for H1(M,C) and the Massey triple product vanishes. In general, when M is a
compact Kähler manifold, then the Massey triple product is known to vanish by the result of [3]. But in
this article we will be interested in computing the lifted Massey triple product which is defined to be the
cohomology class (depending on X01 and X12)
[x0, x1, x2] := [X01 ∪X2 − (−1)
m0X0 ∪X12] ∈ H
m0+m1+m2−1(M,C),
for a particular explicit choice of X01 and X12. In other words, we will provide an algorithm for the
value of the Massey triple product relative to a certain defining system (see Definition 1.1 below).
Definition 1.1. The Massey product [f0, ..., fn] is said to be defined if there is an array A of Cech-de
Rham 1-cochains
A = {Fi1···ik ∈ C
1
0 ⊕ C
0
1 : ip+1 = ip + 1 (∀p)}0≤k≤n−1
such that Fi is a 1-cocycle representing fi for 0 ≤ i ≤ n, and
D(Fi1···ik) = Fi1···ik−1 • Fik + Fi1 · · · ik−2 • Fik−1ik + · · ·+ Fi1 • Fi2···ik ,
for 0 ≤ k ≤ n− 1, ip+1 = ip + 1 (∀p).
An array A is called a defining system for [f0, · · · , fn]. The value of the Massey (n + 1)−th product
relative to a defining system A, denoted by [f0, · · · , fn]A, is then defined to be the cohomology class of
H2(XG) represented by the 2-cocycle
c(A) := F0···n−1 • Fn + F0···n−2 • Fn−1n + · · ·+ F0 • F1···n.
We will provide an explicit defining systemA for the Massey triple product of a projective smooth plane
curve (based on Carlson-Griffiths’ Jacobian vanishing criterion of the cup product and computations in
Cech-deRham complex with respect to a Jacobian covering) and an algorithmic formula (see the main
theorem 3.1) for the C-valued Massey triple product relative to A.
Now we explain a more precise set up of this paper. Let XG be a smooth projective curve in P
2
defined by a homogeneous polynomial G(x) ∈ k[x] = k[x0, x1, x2] over a field k. Let P
2
k
be a projective
2-space over k. Assume that k is the complex field C for the simplicity of presentation.1 Let X = XG(C)
(respectively, P2 = P2
C
(C)) and be the complex analytic space (the compact Riemann surface) associated
to XG (respectively, P
2
C
). For each i = 0, 1, 2, set
Gi :=
∂G(x)
∂xi
, Ui = {x ∈ P
2 : Gi(x) 6= 0} = P
2 \XGi(C).
Then the Griffiths theorem, [4], asserts a canonical isomorphism between the middle-dimensional singular
cohomologyH1(X,C) and the degree degG−3 and 2 degG−3 part of the quotient C-vector space C[x]/JG
where JG is the Jacobian ideal of C[x] generated by G0, G1, G2. If we let U0, U1 ∈ C[x] correspond to
singular cocycles W0,W1 (whose cohomology class [Wi] ∈ H
1(X,C)) respectively under the Griffiths
isomorphism, then the theorem 2, [2], says that [W0 ∪W1] vanishes in H
2(X,C) if and only if
U0U1 belongs to the Jacobian ideal JG = 〈G0(x), G1(x), G2(x)〉.
Our main result will be in the following shape: if U0, U1, U2 ∈ C[x] correspond to W0,W1,W2 such
that U0U1, U1U2 ∈ JG (i.e. U0, U1, U2 satisfies the condition to define a Massey triple product), then the
Massey triple product [W0,W1,W2] under a particular non-trivial defining system (i.e. a choice of W01
and W12: see Proposition 2.2) vanishes in H
2(X,C) if and only if
a certain explicit quantity (see the quantity A−B in Theorem 3.1) belongs to the ideal generated by
G0(x)
2, G1(x)
2, G2(x)
2.
1Since the theory is algebraic, our algorithm has a chance to be applied to more general fields, e.g. the p-adic Dwork
cohomology defined over a p-adic field.
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Remark 1.2. The similarity of vanishing criterions of the cup product and the triple Massey product
suggests us to conjecture that the n-Massey product vanishes (under a particular non-trivial defining sys-
tem) if and only if some explicit quantity belongs to the ideal generated byG0(x)
n−1, G1(x)
n−1, G2(x)
n−1.
But due to technical difficulties arising in the computation of higher (n ≥ 4) Massey products, we were
not able to provide such general vanishing criterion.
We consider the Cech-deRham double complex of X for the open cover U = {Ui}i=0,1,2:
C
p
q := C
q(U|X ,Ω
p
X),
where ΩpX is the sheaf of holomorphic differential p-forms on X . We will compute the Massey triple
product for the first degree cohomology of the associated single complex (so called, the hypercohomology)
with respect to the total differential
D = d+ (−1)pδ,
where d is the exterior differential and δ is the Cech differential. Remark that the smoothness of the
XG is essential, since otherwise U do not cover P
2. We shall refer to U as the Jacobian cover of P2
relative to G(x).
Let H•(XG) =
⊕
p+q=•H
p(U|X ,Ω
q
X) be the hypercohomology of the Cech-deRham complex of XG
with respect to the Jacobian cover U. Note that the hypercohomology H•(XG) of this associated single
complex is isomorphic to the singular cohomology H•(X,C). Let us briefly recall the natural twisted
product structure on the Cech-deRham complex. Let ∧ denote the natural product
C
p
q × C
r
s → C
p+r
q+s .
given by the "front q-face, back s-face" rule, followed by exterior multiplication of forms. Then the
twisted product
αpq • α
r
s := (−1)
qrαpq ∧ α
r
s
is skew-commutative and satisfies the Leibnitz rule:
αrs • α
p
q = (−1)
(p+q)(s+r)αpq • α
r
s,
D(αpq • α
r
s) = D(α
p
q) • α
r
s + (−1)
p+qαpq •D(α
r
s).
Because the twisted product reduces to exterior multiplication of forms, it represents the topological
cup-product on the level of hypercohomology. Therefore, the Massey triple product for the hypercoho-
mology H1(X) gives the Massey triple product for H1(X,C).
Let w0, w1, w2 ∈ H
1(XG) such that w0 ∪ w1 = w1 ∪ w2 = 0 in H
2(XG). More precisely, we consider
W0,W2 ∈ C
0
1 and W1 ∈ C
1
0 with the associated cohomology class [Wi] = wi such that
D(W01) =W0 •W1, D(W12) =W1 •W2 in C
1
1
for some W01,W12 ∈ C
1
0. Note that [W0 •W1] = w0 ∪ w1 and [W1 •W2] = w1 ∪ w2. Then we can form
the Massey triple product:
[w0, w1, w2] := [W0 •W12 +W01 •W2] ∈ H
1(U|X ,Ω
1
X).
Since there is an isomorphism θ : H1(U|X ,Ω
1
X)
≃
−→ C, we can define a C-valued Massey triple product:
〈w0, w1, w2〉 := θ([w0, w1, w2]) ∈ C.
We will find explicit formulas for a non-trivial defining system A = {W0,W1,W2,W01,W12} and the
corresponding C-valued Massey triple product, which can be implemented in computer algebra system.
We will also show (see Corollary 3.3) that vanishing of the Massey triple product does not depend on
choices of cohomology representatives of [W0], [W1], [W2] under our particular non-trivial defining system.
1.1. Acknowledgement. Jeehoon Park would like to thank Minhyong Kim for a useful related discus-
sion and this project was motivated from the conversation with him. The work of Jeehoon Park was
partially supported by BRL (Basic Research Lab) through the NRF (National Research Foundation) of
South Korea (NRF-2018R1A4A1023590).
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2. Main computations
2.1. Griffiths’ description for H1(X,C). We introduce a new variable y and consider the polynomial
ring k[x0, x1, x2, y]. Let us define the charge (additive) grading on k[x0, x1, x2, y]:
ch(xi) = 1, ch(y) = − degG.
Then k[x0, x1, x2, y] has charge decomposition:
k[x0, x1, x2, y] =
⊕
ch
k[x0, x1, x2, y]ch.
Let S(y, x) = yG(x) and cX := degG − 3. Let JS be the Jacobian ideal of k[x0, x1, x2, y] generated by
∂S(x)
∂xi
, i = 0, 1, 2, and
∂S(x)
∂y
Then there is a canonical isomorphism due to Griffiths, [4], (for example,
see the Proposition 4.10 and section 4 of [5] for a detailed explanation)
k[x0, x1, x2, y]cX/JS ∩ k[x0, x1, x2, y]cX ≃ H
2(P2 \X)
ResX−−−→ H1(X,C),
where the first map is given by
yk−1u(x) 7→ (−1)k−1(k − 1)!
u(x)
G(x)k
· (x0dx1 ∧ dx2 − x1dx0 ∧ dx2 + x2dx0 ∧ dx1), k ≥ 1
and ResX is the residue map (e.g. see p 298, [5] for its precise description). Let JG be the Jacobian
ideal of k[x] = k[x0, x1, x2] generated by
∂G(x)
∂xi
, i = 0, 1, 2. Then the inclusion k[x] →֒ k[x, y] induces an
isomorphism ⊕
m≥0
k[x]m degG+cX/JG ∩ k[x]m degG+cX ≃ k[x, y]cX/JS ∩ k[x, y]cX ,(2.1)
where k[x]α is the submodule of k[x] consisting of homogeneous polynomials of degree α. Note that
k[x]m degG+cX = k[x](m+1) degG−3. Let us consider the Hodge decomposition H
1(X,C) ≃ H0(X,Ω1X)⊕
H1(X,Ω0X). Then it is known (the pole order filtration with respect to G(x) is sent to the Hodge filtration
under ResX due to Griffiths, Theorem 8.3, [4]) that
k[x]degG−3/JG ∩ k[x]degG−3 ≃ H
0(X,Ω1X),⊕
1≤m≤2
k[x]m degG−3/JG ∩ k[x]m degG−3 ≃ H
0(X,Ω1X)⊕H
1(X,Ω0X),
k[x]m degG−3/JG ∩ k[x]m degG−3 = 0, if m ≥ 3 (Macaulay’s theorem),
under the isomorphism from
⊕
m≥0 k[x](m+1) degG−3/JG∩
⊕
m≥0 k[x](m+1) degG−3 toH
1(X,C). Consider
the multiplication map followed by the projection to degree 3 degG− 6-part:⊕
1≤m≤2
k[x]m degG−3/JG∩k[x]m degG−3×
⊕
1≤m≤2
k[x]m degG−3/JG∩k[x]m degG−3 → k[x]3 degG−6/JG∩k[x]3 degG−6.
In [2], it is shown that this multiplication matches with the cup product
H1(X,C)×H1(X,C)→ H2(X,C) ≃ C
under the above isomorphism and the isomorphism (the corollary (iv), p 19, [2])
k[x]3 degG−6/JG ∩ k[x]3 degG−6 ≃ C.
2.2. Main computations. Fix a nonzero section of Ω2
P2
(3) ≃ OP2 , say,
Ω := x0dx1 ∧ dx2 − x1dx0 ∧ dx2 + x2dx0 ∧ dx1.
Given a vector field Z on k3, let i(Z) denote the operation of contraction, and let Kj = i(
∂
∂xj
). Given a
multi-index J = (j0, ..., jq) of size q, let
KJ = Kjq · · ·Kj0 , ΩJ = KJΩ, GJ = Gj0 · · ·Gjq .
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Let w0 = [W0], w2 = [W2] correspond to anti-holomorphic cohomology classes and w1 = [W1] correspond to
a holomorphic cohomology class.2 Then we can express the Cech-deRham cocycle Wi with respect to the open
covering U as
W0 = {
U0
G01
Ω01,
U0
G02
Ω02,
U0
G12
Ω01} ∈ C
0
1,(2.2)
W1 = {
U1
G0
Ω0,
U1
G1
Ω1,
U1
G2
Ω2} ∈ C
1
0,
W2 = {
U2
G01
Ω01,
U2
G02
Ω02,
U2
G12
Ω01} ∈ C
0
1,
for some polynomials Ui ∈ k[x] with degU0 = degU2 = 2degG− 3 and degU1 = degG− 3. Then
W0 •W1 = (−1)
1{
U0U1
G0G21
Ω01Ω1,
U0U1
G0G22
Ω02Ω2,
U0U1
G1G22
Ω01Ω2} ∈ C
1
1.
W1 •W2 = {
U1U2
G0G21
Ω01Ω1,
U1U2
G0G22
Ω02Ω2,
U1U2
G1G22
Ω01Ω2} ∈ C
1
1.
The following theorem is one of the main technical results in [2].
Theorem 2.1. The cohomology class wi ∪ wj = [Wi •Wj ] of the cocycle Wi •Wj is trivial if and only if UiUj
belongs to the Jacobian ideal JG of G(x).
By the above theorem, if U0U1 =
∑2
i=0
R
(01)
i Gi and U1U2 =
∑2
i=0
R
(12)
i Gi for R
(01)
i , R
(12)
i ∈ k[x], thenW0•W1
and W1 •W2 are coboundaries. Our first observation is that there is a simple cochain level formula for W01 such
that D(W01) = W1 •W2: A simple Cech type computation confirms the following proposition.
Proposition 2.2. If we define
W01 := {
x1R
(01)
2 − x2R
(01)
1
G20
Ω0,
−x0R
(01)
2 + x2R
(01)
0
G21
Ω1,
x0R
(01)
1 − x1R
(01)
0
G22
Ω2} ∈ C
1
0,
then D(W01) =W1 •W2 in C
1
1. Similarly, if we define
W12 = {−
x1R
(12)
2 − x2R
(12)
1
G20
Ω0,−
−x0R
(12)
2 + x2R
(12)
0
G21
Ω1,−
x0R
(12)
1 − x1R
(12)
0
G22
Ω2} ∈ C
1
0,
then D(W12) =W2 •W3 in C
1
1.
Proof. Because Ω2X is the sheaf of holomorphic differential 2-forms on X and dimCX = 1, C
2
0 = 0. Thus
d(W01) = 0 ∈ C
2
0 and it is enough to check that δ(W01) = W0 •W1. Then this reduces to proving the following
identity:
−
U0U1
G0G21
Ω01Ω1 =
x1R
(01)
2 − x2R
(01)
1
G20
Ω0 −
−x0R
(01)
2 + x2R
(01)
0
G21
Ω1,(2.3)
since the desired identities for other indices will follow from the same computation by the symmetry of indices.
Note that
Ω0 = x2dx1 − x1dx2, Ω1 = x0dx2 − x2dx0, Ω01 = x2.
We will use the following identities to prove (2.3), which follows from the defining equation G(x) = 0 of XG:
x0G0 + x1G1 + x2G2 = deg(G) ·G(x) = 0, G0dx0 +G1dx1 +G2dx2 = 0.
RHS =
x1R
(01)
2 − x2R
(01)
1
G20
Ω0 −
−x0R
(01)
2 + x2R
(01)
0
G21
Ω1
=
−(−x0R
(01)
2 + x2R
(01)
0 )G
2
0Ω1 + (x1R
(01)
2 − x2R
(01)
1 )G
2
1Ω0
G20G
2
1
=
−(−x0R
(01)
2 + x2R
(01)
0 )G
2
0(x0dx2 − x2dx0) + (x1R
(01)
2 − x2R
(01)
1 )G
2
1(x2dx1 − x1dx2)
G20G
2
1
2There are 23 = 8 choices for {w0, w1, w2} depending on wi holomorphic or anti-holomorphic. See Table 3.1 for an
explanation why we choose this way.
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LHS = −
U1U2G0Ω01Ω1
G20G
2
1
= −
(R
(01)
0 G0 +R
(01)
1 G1 +R
(01)
2 G2)G0Ω01Ω1
G20G
2
1
= −
(R
(01)
0 G0 +R
(01)
1 G1 +R
(01)
2 G2)G0x2(x0dx2 − x2dx0)
G20G
2
1
= −
(R
(01)
0 G0 +R
(01)
1 G1 +R
(01)
2 G2)x2(x0G0)dx2 − (R
(01)
0 G0 +R
(01)
1 G1 +R
(01)
2 G2)x
2
2(G0dx0)
G20G
2
1
(G20G
2
1)(LHS −RHS)
= R
(01)
2 (x1x2G1G2 + x
2
1G
2
1 − x0G0x0G0)dx2 −R
(01)
2 (x
2
2G1G2 + x1x2G
2
1)dx1 +R
(01)
2 x0x2G0G0dx0
= R
(01)
2 (x1x2G1G2 + x
2
1G
2
1 − x0G0(−x1G1 − x2G2))dx2
−R(01)2 (x
2
2G1G2 + x1x2G
2
1)dx1 +R
(01)
2 x0x2G0(−G1dx1 −G2dx2)
= R
(01)
2 x1G1(x2G2 + x1G1 + x0G0)dx2 −R
(01)
2 x2G1(x2G2 + x1G1 + x0G0)dx1 = 0.

The k-valuedMassey triple product 〈w0, w1, w2〉 of w0, w1, and w2 is, by definition, the image of the cohomology
class [W01 •W2 +W0 •W12] ∈ H
2(XG) ≃ H
2(⊕p+q=•C
p
q ,D) under an isomorphism θ : H
2(XG)
≃
→ k.
Let η : XG → P
2 be a given closed embedding. In order to compute 〈w0, w1, w2〉, we use the connecting
coboundary map induced from the Poincare residue exact sequence of sheaves on P2:
0→ Ω•P2 → Ω
•
P2(logXG)
Res
→ η∗Ω
•−1
XG
→ 0,(2.4)
where Ωp
P2
is a sheaf of regular p-forms on P2 and Ωp
P2
(logXG) is a sheaf of rational p-forms ω on P
2 such that
ω and dω are regular on P2 \X and have at most a pole of order one along X. See the page 444 in [1] for more
details. In [2], the authors gave an explicit formula of the coboundary map δ˜ in the Poincaré residue sequence
induced from 2.4
δ˜ : H1(U|XG ,Ω
1
XG
)→ H2(P2,Ω2
P2
).
For the computation of δ˜, we need to compute the lift of W01 •W2 +W0 •W12, namely,
(W01 •W2 +W0 •W12) ∧
dG
G
∈ C1(U,Ω2
P2
(logXG)),
and then apply the Cech coboundary map δ:[
δ
(
(W01 •W2 +W0 •W12) ∧
dG
G
)]
= δ˜([W01 •W2 +W0 •W12]) inside H
2(P2,Ω2
P2
).
Following [2], consider the complexes C•ℓ (U,Ω
2
P2
) where a typical cochain φ has the form R012Ω
Gℓ
012
where R012 ∈
k[x] with deg(R012) = 3ℓ(degG− 1)− 3. If one denotes the cohomology groups of this complex by H
•
ℓ (P
2,Ω2
P2
),
then one has
H•(P2,Ω2
P2
) = lim
−→
H•ℓ (P
2,Ω2
P2
),
where the map from C•ℓ (U,Ω
2
P2
) to C•ℓ+1(U,Ω
2
P2
) is given by multiplication of the numerator in the cocyle against
G012. According to the lemma ([2], p18), the Grothedieck residue map (see 3.2 our explicit normalization of
Res0)
Res0 : H
2
ℓ (P
2,Ω2
P2
) −→ k
is an isomorphism which commutes with multiplication by G012. If we let θ = Res0 ◦δ˜, then
〈w0, w1, w2〉 = Res0
(
δ˜([W01 •W2 +W0 •W12])
)
.
For simplicity, we use the following notation:
A
(ij)
0 := x1R
(ij)
2 − x2R
(ij)
1 , A
(ij)
1 := −x0R
(ij)
2 + x2R
(ij)
0 , A
(ij)
2 := x0R
(ij)
1 − x1R
(12)
0 ,(2.5)
for (ij) = (01) or (12). One can easily check that
ΩijΩi
Gi
=
ΩijΩj
Gj
.
for i, j = 0, 1, 2 with i < j. Then the above proposition 2.2 says that
−
UkUℓΩijΩj
GijGj
= −
UkUℓΩijΩi
GijGi
= (−1)i
A
(kℓ)
i Ωi
G2i
+ (−1)j
A
(kℓ)
j Ωj
G2j
(2.6)
for (k, ℓ) = (0, 1) or (1, 2) and i, j = 0, 1, 2 with i < j.
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Lemma 2.3. We have the following formula
δ
(
(W01 •W2 +W0 •W12) ∧
dG
G
)
= degG ·
A−B
G2012
· Ω ∈ C22(U,Ω
2
P2),
where
A = U0x1R
(12)
0 G0G1 + U2x0R
(01)
2 G0G2 + U0x0R
(12)
0 G0G0,
B = A
(01)
0 U2G1G2 + U0A
(12)
1 G0G2 + U0U1U2x0G0.
Proof. Note that
W01 •W2 =W01 ∧W2 = {
A
(01)
0 U2
G20G12
Ω0Ω01,
A
(01)
0 U2
G20G02
Ω0Ω02,
A
(01)
1 U2
G21G12
Ω1Ω01} ∈ C
1
1,
and
W0 •W12 = −W0 ∧W12 = {
U0A
(12)
1
G21G12
Ω1Ω01,
U0A
(12)
2
G22G02
Ω2Ω02,
U0A
(12)
2
G22G12
Ω2Ω01} ∈ C
1
1.
By using the lemma ([2], p 14), we get the following formulae:
(W01 •W2 +W0 •W12) ∧
dG
G
= {S01
Ω
G
,S02
Ω
G
, S01
Ω
G
} ∈ C1(U,Ω2
P2
(logXG)),
where
S01 =
−A(01)0 U2x2
G0G12
+
−U0A
(12)
1 x2
G12G1
,
S02 =
A
(01)
0 U2x1
G0G02
+
−U0A
(12)
2 x1
G02G2
,
S12 =
−A(01)1 U2x0
G1G12
+
−U0A
(12)
2 x0
G12G2
.
Therefore δ
(
(W01 •W2 +W0 •W12) ∧ dGG
)
is equal to
−
[(
A
(01)
0 U2G1 + U0A
(12)
1 G0
G12G012
)
x2G2 +
(
A
(01)
0 U2G2 + U0A
(12)
2 G0
G02G012
)
x1G1 +
(
A
(01)
1 U2G2 + U0A
(12)
2 G1
G12G012
)
x0G0
]
Ω
G
.
Using the relation −x2G2 = x0G0 + x1G1 − degG ·G in P
2, we continue the computation and
δ
(
(W01 •W2 +W0 •W12) ∧
dG
G
)
is equal to (
A
(01)
0 U2G1 + U0A
(12)
1 G0
G12G012
)
(x0G0 + x1G1 − degG ·G)
Ω
G
−
(
A
(01)
0 U2G2 + U0A
(12)
2 G0
G02G012
)
x1G1 −
(
A
(01)
1 U2G2 + U0A
(12)
2 G1
G12G012
)
x0G0
Ω
G
= − degG
(
A
(01)
0 U2G1 + U0A
(12)
1 G0
G12G012
)
Ω+
(
U0A
(12)
1 G0G2 − U0A
(12)
2 G1G0
G2012
)
x1G1
Ω
G
+
(
A
(01)
0 U2G1G2 −A
(01)
1 U2G2G0 + U0A
(12)
1 G0G2 − U0A
(12)
2 G1G0
G2012
)
x0G0
Ω
G
.
On the other hand, we have that
U0A
(12)
1 G0G2 − U0A
(12)
2 G1G0
= U0G0(A
(12)
1 G2 −A
(12)
2 G1)
= U0G0
(
(−x0R
(12)
2 + x2R
(12)
0 )G2 − (x0R
(12)
1 − x1R
(12)
0 )G1
)
= U0G0
(
(x2G2 + x1G1)R
(12)
0 − x0(R
(12)
2 G2 +R
(12)
1 )G1)
)
= U0G0
(
degG ·G ·R
(12)
0 − x0(R
(12)
0 G0 +R
(12)
1 G1 +R
(12)
2 G2)
)
= degG · U0R
(12)
0 G0G− U0U1U2x0G0.
Similarly, we have that
A
(01)
0 U2G1G2 − A
(01)
1 U2G2G0 = degG · U2R
(01)
2 G2G− U0U1U2x2G2.
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By substituting these terms in the equation regarding δ
(
(W01 •W2 +W0 •W12) ∧
dG
G
)
, a straightforward
computation confirms that the numerator involved is divisible by G and this proves the lemma. 
3. An explicit algorithm for the Massey triple product
3.1. Main theorem. Let g be the genus of X so that dimCH
0(X,Ω1X) = dimCH
1(X,Ω0X) = g. We choose all
the possible U1 ∈ k[x]degG−3 (modulo JG) and all the possible U0, U2 ∈ k[x]2 degG−3 (modulo JG) such that (this
can be done by using a computer algebra program)
U0U1 =
2∑
i=0
R
(01)
i Gi, U1U2 =
2∑
i=0
R
(12)
i Gi,(3.1)
for R
(01)
i , R
(12)
i ∈ k[x]. Then W0 •W1 and W1 •W2 are coboundaries by Theorem 2.1.
The Massey triple product is not defined for all the elements of the first singular cohomology group H1(X,C).
Choosing U0, U1, U2 satisfying 3.1 amounts to finding a maximal isotropic subspace of H
1(X,C). Define
AX := {W0,W1,W2,W01,W12 ∈ C
1
0 ⊕ C
0
1 : U0, U1, U2 satisfies 3.1},
whereWi are given in 2.2 andWij are given in Proposition 2.2. Then Proposition 2.2 implies that AX is a defining
system (Definition 1.1) for a Massey triple product for wi = [Wi], i = 0, 1, 2. The key point of Proposition 2.2 is
that it gives an explicitly computable expression for the Cech representative Wij in terms of polynomials in k[x].
We compute the Massey triple product of w0, w1, w2 with respect to AX by the formula:
〈w0, w1, w2〉AX := Res0
(
δ˜([W01 •W2 +W0 •W12])
)
,
using
θ : H1(U|X ,Ω
1
X)
δ˜
−→ H22 (U|P2 ,Ω
2
P2
)
Res0−−−→ C.
Lemma 2.3 gives an explicitly computable expression for δ˜:
δ˜ ([W01 •W2 +W0 •W12]) = [degG ·
A−B
G2012
· Ω] ∈ H22 (U|P2 ,Ω
2
P2
),
where A,B are given explicitly in Lemma 2.3.
The final thing is to compute Res0 : H
2
2 (P
2,Ω2
P2
) ≃ k explicitly. For this, let J be the ideal of k[x] generated
by G0(x)
2, G1(x)
2, G2(x)
2. Then there is an isomorphism (see Corollary (iv), p 18, [2])
(k[x]/J)6 degG−9 ≃ k.
Thus, if we put
DetG(x) := det
(
∂Gi(x)
2
∂xj
)
∈ k[x]6 degG−9,
then DetG(x) does not belong to J and, for any given F (x) ∈ k[x]6 degG−9, there is a unique RF ∈ k such that
F (x) =
2∑
i=0
vi(x)Gi(x)
2 +RF · DetG(x), vi(x) ∈ k[x].
The fact that Res0 factors through F 7→ RF (see Lemma and its proof, p 18, [2])
Res0 : H
2
2 (P
2,Ω2P2) ≃ (k[x]/J)6 degG−9 ≃ k
implies that, Then
Res0
(
F (x)
G2012
· Ω
)
= RF .(3.2)
So our final formula is the following:
Theorem 3.1. Let wi = [Wi] correspond to Ui satisfying 3.1. Assuming all the notations so far, we have that
〈w0, w1, w2〉AX = RdegG·(A−B),
where
A = U0x1R
(12)
0 G0G1 + U2x0R
(01)
2 G0G2 + U0x0R
(12)
0 G0G0,
B = A
(01)
0 U2G1G2 + U0A
(12)
1 G0G2 + U0U1U2x0G0.
See 2.5 and 3.1 for the notations R
(jk)
i and A
(jk)
i . This theorem implies that the Massey triple product are
completely computable using a computer algebra program. In particular, we have
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Corollary 3.2. The Massey triple product 〈w0, w1, w2〉AX relative to AX vanishes if and only if A − B ∈ J =
〈G0(x)
2, G1(x)
2, G2(x)
2〉.
Corollary 3.3. Vanishing of 〈w0, w1, w2〉AX does not depend on choices of cohomology representatives of [W0], [W1], [W2].
Proof. Since a cohomology representative Wi of wi corresponds to Ui via the Griffiths isomorphism 2.1, the
statement that Wi is cohomologous to W˜i is equivalent to that Ui − U˜i belongs to the Jacobian ideal JG (we use
the notation ·˜ for quantities corresponding to W˜i). It suffices to prove the corollary for each Ui, i = 0, 1, 2, one
by one. We start from U0. Let U˜0 := U0 + T0G0 + T1G1 + T2G2 for Ti ∈ C[x]. In this case,
R˜
(01)
i = R
(01)
i + TiU1, R˜
(12)
i = R
(12)
i , i = 0, 1, 2,
A˜
(01)
k = A
(01)
k + Tk+2xk+1U1 − Tk+1xk+2U1, A˜
(12)
k = A
(12)
k , k ≡ 0, 1, 2 mod 3.
A˜ ≡ U˜0R
(12)
0 G0G1 + U2x0R˜
(01)
2 G0G2 mod J
≡ (U0 + T2G2)x1R
(12)
0 G0G1 + U2x0
(
R
(01)
2 + T2U1
)
G0G2 mod J
≡ A+ T2x1R
(12)
0 G0G1G2 + T2x0R
(12)
1 G0G1G2 mod J.
B˜ ≡ A˜(01)0 U2G1G2 + U˜0A
(12)
1 G0G2 + U˜0U1U2x0G0 mod J
≡
(
A
(01)
0 + T2x1U1 − T1x2U1
)
U2G1G2 + (U0 + T1G1)A
(12)
1 G0G2
+ (U0 + T1G1 + T2G2)U1U2x0G0 mod J
≡ B + (T2x1 − T1x2)R
(12)
0 G0G1G2 + T1A
(12)
1 G0G1G2
+ T1x0R
(12)
2 G0G1G2 + T2x0R
(12)
1 G0G1G2 mod J
≡ B + T2x1R
(12)
0 G0G1G2 + T2x0R
(12)
1 G0G1G2 mod J
Therefore, A˜ − B˜ ≡ A − B mod J . If we let U˜2 := U2 + T0G0 + T1G1 + T2G2 for Ti ∈ C[x], then a similar
computation again confirms that A˜ − B˜ ≡ A − B mod J . Finally, let U˜1 := U1 + T0G0 + T1G1 + T2G2. Since
deg U˜1 = degU1 = degG− 3, the only possibility is
T0G0 + T1G1 + T2G2 = 0
Therefore, R˜
(ij)
k = R
(ij)
k and A˜
(ij)
k = A
(ij)
k . Hence A˜− B˜ ≡ A−B mod J in this case, too. 
Corollary 3.4. If degG = 3, then A−B ∈ J, i.e., 〈w0, w1, w2〉AX = 0 for all w0, w1, w2.
Proof. Since degG = 3, we can assume that U1 = 1, U0 =
∑2
i=0
R
(01)
i Gi, and U2 =
∑2
i=0
R
(12)
i Gi. By Theorem
3.1,
A = U0x1R
(12)
0 G0G1 + U2x0R
(01)
2 G0G2 + U0x0R
(12)
0 G0G0,
=
( 2∑
i=0
R
(01)
i Gi
)
x1R
(12)
0 G0G1 +
( 2∑
i=0
R
(12)
i Gi
)
x0R
(01)
2 G0G2 +
( 2∑
i=0
R
(01)
i Gi
)
x0R
(12)
0 G0G0,
≡ x1R
(01)
2 R
(12)
0 G0G1G2 + x0R
(01)
2 R
(12)
1 G0G1G2 mod J,
B = A
(01)
0 U2G1G2 + U0A
(12)
1 G0G2 + U0U1U2x0G0,
= (x1R
(01)
2 − x2R
(01)
1 )
( 2∑
i=1
R
(12)
i Gi
)
G1G2 +
( 2∑
i=1
R
(01)
i Gi
)
(−x0R
(12)
2 + x2R
(12)
0 )G0G2
+
( 2∑
i=1
R
(01)
i Gi
)( 2∑
i=1
R
(12)
i Gi
)
x0G0,
≡ (x1R
(01)
2 − x2R
(01)
1 )R
(12)
0 G0G1G2 +R
(01)
1 G1(−x0R
(12)
2 + x2R
(12)
0 )G0G2
+R
(01)
1 G1R
(12)
2 G2x0G0 +R
(01)
2 G2R
(12)
1 G1x0G0 mod J,
≡ x1R
(01)
2 R
(12)
0 G0G1G2 + x0R
(01)
2 R
(12)
1 G0G1G2 mod J.
Therefore, A−B ≡ 0 mod J , i.e., A−B ∈ J . 
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Table 3.1. Defining systems for the Massey triple product: A = {W0,W1,W2,W01,W12}
W0 W1 W2 W01 W12 〈W0,W1,W2〉A
anti-holomorphic holomorphic anti-holomorphic * * *
anti-holomorphic anti-holomorphic holomorphic 0 * *
holomorphic anti-holomorphic anti-holomorphic * 0 *
holomorphic anti-holomorphic holomorphic * * 0
anti-holomorphic anti-holomorphic anti-holomorphic 0 0 0
holomorphic holomorphic holomorphic 0 0 0
holomorphic holomorphic anti-holomorphic 0 * 0
anti-holomorphic holomorphic holomorphic * 0 0
3.2. Other possible Massey triple products. We explain why we chose w0, w2 anti-holomorphic and w1
holomorphic in order to get a non-trivial defining system. The first line in Table 3.1 is the case we considered
in Theorem 3.1. The second and third lines in Table 3.1 can be considered in the same way as Theorem 3.1.
For other remaining choices, we do not know how to get some non-zero Wij such that D(Wij) = Wi ∪Wj and
the Massey triple product is zero for trivial reasons (the cup product of two holomorphic forms (respectively,
two anti-holomorphic forms) is zero). Note that we do not know an explicit expression3 W˜ij ∈ C
0
1 such that
D(W˜ij) =Wi •Wj ∈ C
1
1 when wi ∪ wj = 0. The asterisk * in Table 3.1 means that it is not zero in general.
4. Computer algorithm and experiment
The goal of this section is to provide an explicit computer algorithm and to calculate triple Massey products
of some examples. Our example is a family of smooth projective curve XG given by G(x) = x
n
0 + x
n
1 + x
n
2 as n
varies. Let us use the following simplified notations:
〈U0, U1, U2〉 = 〈w0, w1, w2〉AX ,
where the relations between Ui and wi are give in (2.2). We use the program SageMath8.3 for running the
algorithms.
First, we have to find U0, U1, U2 for computing the triple Massey product such that U0U1, U1U2 ∈ JG. Our
method for choosing U0, U1 such that U0U1 ∈ JG is to generate repeatedly homogeneous polynomials U0, U1
randomly until the multiplication U0U1 is in JG. During this repeated process, we analyze the relation between
the number of monomial terms of selected polynomials U0, U1 and vanishing behavior of the cup product. For
this, we choose 50,000 pairs of homogeneous polynomials U0 and U1 such that degU0 = 2n−3 and degU2 = n−3
and then calculate the ratio of pairs U0, U1 among 50,000 pairs such that U0U1 ∈ JG. Define
M1(n) =
(n− 1)(n− 2)
2
, M2(n) =
(2n− 1)(2n− 2)
2
where M1(n) (respectively, M2(n)) is the number of monomials of degree n − 3 (respectively, 2n − 3). Then
we calculate the ratio of vanishing cup product when the number of monomial terms of randomly chosen U0
(respectively, U1) is less than or equal to p
M2(n)
ℓ
q (respectively, pM1(n)
ℓ
q) as we vary ℓ = 1, 2, · · · . The results
are recorded in the graphs of Figure 1. The x-axis means the degree n of G(x) and the y-axis means the ratio of
vanishing cup product among the 50,000 pairs. When there is no limitation of number of monomial terms (the
bottom graph), the ratio of vanishing cup product converges to zero as the degree n grows. However, we see
that the vanishing ratio grows as the ℓ increases (i.e. the number of monomial terms of U0, U1 becomes smaller).
Moreover, in the top graph case (U0 and U1 themselves are monomials), it converges to 100 as the degree n grows.
3We only know Wij ∈ C
1
0 such that D(Wij) = Wi • Wj in Proposition 2.2.
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Figure 1. The graphs of ratios of vanishing cup product
Therefore, for simplification of computation of the triple Massey product (we need vanishing of the cup product),
we choose U0, U1 so that their number of monomial terms is less than or equal to three.
Algorithm 1: Making Ui corresponds to wi = [Wi] for triple massey product randomly.
Input: Polynomial G(x)
Output: Homogeneous polynomials U0, U1, U2 such that U0U1 ∈ JG and U1U2 ∈ JG
begin
repeat
U0 ← homogeneous random polynomial in k[x] with degree=2 degG− 3 and number of terms ≤ 3
U1 ← homogeneous random polynomial in k[x] with degree=degG− 3 and number of terms ≤ 3
U2 ← homogeneous random polynomial in k[x] with degree=2 degG− 3 and number of terms ≤ 3
until U0U1 ∈ JG and U1U2 ∈ JG
return U0, U1, U2
end
The following examples are random polynomials which came from Algorithm 1 where G(x) = x50 + x
5
1 + x
5
2:
U0 = x
3
0x
4
1 + x
5
1x
2
2 U1 =
1
4
x22 U2 =
1
3
x40x1x
2
2,(4.1)
U0 = −
1
6
x30x
2
1x
2
2 U1 = x
2
2 U2 =
2
9
x40x
3
2.(4.2)
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Next, let us calculate the triple Massey product. Consider the following algorithm:
Algorithm 2: Calculate 〈U0, U1, U2〉.
Input: Polynomials G,U0, U1, U2 such that U0U1 ∈ JG and U1U2 ∈ JG
Output: Triple massey product 〈U0, U1, U2〉
begin
/* Calculate A,B in Theorem 3.1 */
R
(01)
i ←Polynomials such that U0U1 =
∑
R
(01)
i Gi
R
(12)
i ←Polynomials such that U1U2 =
∑
R
(12)
i Gi
A,B ← By Theorem 3.1
/* Make (k[x]/J)6 degG−9 for Calculation. */
1 M ←Ordered set of all of mononmials whose degree is 6 degG− 9
N ←Set of all af monomials whosee degree is 4 degG− 7
L← {G20, G
2
1, G
2
2}
2 J ← ∅
3 for n ∈ N do
for ℓ ∈ L do
J ← J ∪ {nℓ}
end
end
4 K ← k-vector space dimension=|M |
5 JV ← Span(vector representations of elements in J)
K/J ← Qutient space K/JV /* 1 dimensional vectorspace */
〈U0, U1, U2〉 ←(Image of degG · (A−B) in K/J)/(Image of DetG(x) in K/J)
return 〈U0, U1, U2〉
end
The main step of Algorithm 2 is to realize (k[x]/JG)6 degG−9 in a computer. We will use a finite dimensional
k-vector space with the standard basis in order to handle the polynomial ring in a computer4. We take k-
vecotr space K in line 4 with standard basis {e1, . . . , es} which corresponds to M = {m1, . . . ,ms} in line 1.
Then we take J as the basis of J6 degG−9 (line 2∼3), and make JV in line 5 which corresponds to J under the
correspondence between {e1, . . . , es} and {m1, . . . , ms}. This enables us to compute the quotient space and the
remaining calculation using a computer.
As a result of Algorithm 2, we provide two numerical examples with zero (4.1) and nonzero (4.2) Massey triple
products:
(4.1)


U0U1 = 0 ·G0 +
1
20
x30x
2
2 ·G1 +
1
20
x51 ·G2,
U1U2 = 0 ·G0 + 0 ·G1 +
1
60
x40x1 ·G2,
A−B = 5
01
x90x
6
1x
6
2 −
5
01
x40x
1
11x
6
2 +
5
01
x70x
5
1x
9
2,
degG · (A−B) = 0 ·DetG(x) +
1
01
x0x
6
1x
6
2 ·G
2
0 −
1
01
x40x
3
1x
6
2 ·G
2
1 +
1
01
x70x
5
1x2 ·G
2
2,
〈U0, U1, U2〉 = 0.
(4.2)


U0U1 = 0 ·G0 + 0 ·G1 − 130x
3
0x
2
1 ·G2,
U1U2 = 0 ·G0 + 0 ·G1 + 245x
4
0x2 ·G2,
A−B = − 5
27
x001x
2
1x
7
2 +
5
27
x70x
7
1x
7
2,
degG · (A−B) = 1
8640000
·DetG(x)− 127x
4
0x
2
1x
7
2 ·G
2
0 + 0 ·G
2
1 + 0 ·G
2
2,
〈U0, U1, U2〉 = 18640000 .
where DetG(x) = 8000000x
7
0x
7
1x
7
2.
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